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CONFORMAL GEOMETRY OF MARGINALLY TRAPPED SURFACES IN Sf 


E. HULETT 


Abstract. A spacelike surface S' C is marginally trapped if its mean curvature vector is 
lightlike. On any oriented spacelike surface S C Sf we show that a choice of orientation of the 
normal bundle u{S) determines a smooth map G : S ^ which we call the null Gauss map 
of S. We show that if S is marginally trapped then G is a conformal immersion away the zeros 
of certain quadratic Hopf-differential of S and so the surface G(S) is uniquely determined up 
to conformal transformations of by two invariants: the normal Hopf differential k, and the 
Schwartzian derivative s. We show that these invariants plus an additional quadratic differential 
<5 are related by a differential equation and determine the geometry of S up to ambient isometries 
of Sj. This allows us to obtain a characterization of marginally trapped surfaces S whose null 
Gauss image is a constrained Willmore surface in [6]. As an application of these results we 
construct and study integrable non-trivial one-parameter deformations of marginally trapped 
surfaces with non-zero parallel mean curvature vector and those with fiat normal bundle. 


1. INTRODUCTION 

A spacelike surface immersed in a 4-dimensional Lorentz manifold is called marginally trapped 
if its mean curvature vector is everywhere null or lightlike. The notion of marginally trapped 
surfaces was introduced by R. Penrose and plays a key role in the sigularity theory of Einstein’s 

equations M- The marginally trapped equation {H, H) = 0 is interpreted in relativity theory as 
the condition describing the event horizon of a black hole M- In differential geometry marginally 
trapped surfaces are viewed as natural generalizations of minimal surfaces. 

Different aspects of the geometry of marginally trapped surfaces have drawn the attention of ge¬ 
ometers recently. In [T] , the authors provide different Weierstrass-type representation formulas 
of marginally trapped surfaces in Rf. Also [T3] and m deal with a classifications of marginally 
trapped surfaces with parallel mean curvature. The notion of marginally trappedness has also been 
considered recently in higher dimensions and co-dimensions with very interesting results, see 

Our goal in this paper is to study geometric properties of oriented marginally trapped surfaces 
in Sf in terms of conformal invariants of these surfaces. As applications of these ideas we construct 
spectral non-trivial deformations of marginally trapped surfaces with parallel non-zero mean cur¬ 
vature and those with flat normal bundle. 

More specifically, given an oriented spacelike surface S C Sf its normal bundle i^(S) is Lorentzian 
hence at each point a; of S' there are two linearly independent null directions say, n+(x),n-(x) 
which vary smoothly with x and determine a pair of smooth maps from S to the 3-sphere S^, 
viewed as the manifold of null directions of Minkowski space Rf. Such maps can be interpreted 
as (pseudo) inverses of the conformal Gauss map Y introduced by R. L. Bryant [H]. We show 
that a choice of orientation on v{S) distinguishes a preferred map, say n+ which we call the null 
Gauss map G of the spacelike surface S. When S is marginally trapped and certain Hopf quadratic 
differential is never zero on S, then G is a conformal immersion of the surface S into the conformal 
sphere and its geometry is dictated by two conformal invariants: the Schwartzian s and the 
normal Hopf differential k. These invariants were introduced and studied by Burstall et al. in m, 
see also [5^ . 
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In Section |4] we obtain an equation which relates the conformal invariants s, k with the 15- 
quadratic differential, a new geometric invariant of the corresponding marginally trapped surface. 
As a first consequence of this equation we prove Theorem 14.61 which says that the null Gauss map 
of an oriented marginally trapped surface S' is a constrained Willmore surface in if and only 
if S has non-zero parallel mean curvature vector. Constrained Willmore surfaces were introduced 
and studied in [6] . They are defined as extremes of the Willmore energy with respect to variations 
preserving the underlying conformal structure of the surface. A second consequence is Theorem l4.3l 
which states that a marginally trapped surface is essentially determined up to ambient isometries 
by the conformal invariants k, s of its null Gauss map. 

In Section!^ we fix notations and derive the structure equations of spacelike surfaces in Sf. Sec¬ 
tion [3] contains a short survey of 0(3,1)-invariant geometry of surfaces in the conformal sphere 
S^. For a detailed exposition on the conformal invariant geometry of surfaces in S" see m,m 
and [32]. 

In Sectionjnjwe consider marginally trapped surfaces admiting non-trivial integrable one parameter 
deformations. The deformation is induced by a spectral parameter which determine symmetries 
of the compatibility equations thus giving rise to one-parameter families of surfaces obtained by 
deformation of a given surface. We consider here deformations of two kinds of marginally trapped 
surfaces in Sj namely, surfaces with non-zero parallel mean curvature vector, and surfaces with flat 
normal bundle. In the first case we show that the deformation originates in the associated family of 
an auxiliar harmonic map (j) with values in a pseudo riemannian complex quadric Q. We show that 
a marginally trapped surface / : E —> S| has constrained Willmore null Gauss map if an only if an 
auxiliar map (j) with values in the complex quadric Q is harmonic. We use the associated family of 
(j) to obtain a symmetry of the compatibility equations of the constrained Willmore null Gauss map 
of /, thus giving rise to the associated family of / and its null Gauss map. For marginally trapped 
surfaces with flat normal bundle we obtain a one-parameter deformation which originates in the 
so-called Calapso-Bianchi or isothermic T-tranformation of isothermic surfaces in [n], m- 
Motivated by m we show that both deformations may be unified in an extended action of C— {0} 
on the class of marginally trapped surfaces with non-zero parallel mean curvature. We conclude 
with a description of this extended action on non-isotropic marginally trapped tori with non-zero 
parallel mean curvature vector. 


2. PRELIMINARIES 

Denote by Kf the real 5-dimensional vector space with canonical coordinates (a;oj a:i, 0 : 2 , 2 ^ 4 ) 
equipped with the Lorentz inner product 

(I) {x, y) = xoyo + xiyi + X 2 y 2 + - ai42/4- 

De Sitter 4-space is defined as the unit sphere in Rf: 

Sf = {a; G {x,x) = 1} 

Thus Sf is a connected simply connected 4-dimensional manifold which inherits from Kf a lorentzian 
metric (.,.) of constant sectional curvature -|-I. The complex bilinear extension of the Lorentz 
metric to C® is given by 

(z, w) = ZqWo + ZiWi + Z2W2 -I- Z3W3 — Z4W4 

and the corresponding (pseudo) hermitian inner product is given by {z,w). We denote by Cf the 
complex space C® endowed with the inner product {z,w). 

The Lie group SO{4:, 1) acts transitively on Sf by isometries, so that choosing eg G S| as the base 
point, then Sf is isometric to the (pseudo) riemmanian symmetric space SO(4, l)/SO(3, 1). 

A non-zero vector A G Mf is said to be future pointing if (A, ef) < 0. This induces a time orien¬ 
tation on sf: a non-zero tangent vector A G TpSf is future pointing if its tranlated to the origin 
is future pointing. If A is future pointing and satisfies (A, A) = —1, then (its tranlated) A lies in 
the real 4-hyperbolic space = {a; G Mf : {x,x) = — 1 , 2:4 > 0}. 
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Let E be a connected orientable surface and / : E —>■ Sf a spacelike immersion i.e. the induced 
metric g = /*(.,.) is Riemannian and it determines a conformal structure on E. Then / preserves 
this conformal structure i.e. (/z,/z) = 0, for every local complex coordinate z = x + iy on E, 
where and dg = are the complex partial operators. Equivalently, 

(2) {f.,fy)=0, |l/,f =||/J|2>0. 

Conversely, if / : E —>■ Sf is a conformal immersion from a Riemann surface, then {fx,fy) = 0, 
and ||/a;|p = ll/i/lP ^ 0, for every local complex coordinate z = x + iy. Since the ambient Sf 
is lorentzian, fx,fy have positive squared norm ||/a;|p = |l/i/|P > 0, and so / : (E,^) —>• Sf 
is a spacelike isometric immersion, where g is the induced metric. Respect to a local complex 
coordinate z = x + ly on E we introduce a conformal parameter u by (fz,fz) = e^“, so that 
g = 2e^“((ix^ + dy"^) is the local expression of the induced metric. Since / is conformal we have 
2(/zz, fz) = dz{fz, fz) = 0 and also 2{fzz, fz) = dz{fz, fz) = 0, which says that fzz has no tangen¬ 
tial component. 

The second fundamental form of / is defined by {E{X,Y), N) = —{df{X),dN(Y)), for X,Y G TE 
and for every normal held N along /. The mean curvature vector of / is the trace of S: 

H := ^traceJF. Since fzg has no tangential component it decomposes into its / and H com¬ 
ponents by fzz = —e^“/ -I- e^“iL. 

The pullback bundle of the tangent bundle of Sj decomposes into the tangent bundle and the 
normal bundle of /: f*(TSf') = TE © v{f). Since / : E —>• S| is spacelike and E is orientable, the 
normal bundle i^if) is an orientable lorentzian vector bundle. Fixing an orientation on v{f), let 
{A^i, A^ 2 } C r(i/(/)) be an (ordered) orthonormal frame satisfying 

{N2,N2) = -1, (iVi,fV2) = 0, (fVi,A^i) = l. 

If we demand that N 2 be future pointing, then either {iVi,A^ 2 } has the same orientation as 
^(/), or {—7Vi,iV2} has the same orientation as v{f). We say that an orthonormal frame 
{iVi,A^ 2 } C T{i'{f)) is positively oriented, {Ni,N 2 } has the same orientation as v{f) and N 2 
is (timelike) future pointing. Note that if {Ni, N 2 } is positively oriented then {—Ni, —N 2 } has the 
same orientation as but it is not positively oriented since —N 2 points to the past. 


In terms of a normal orthonormal frame the second fundamental form is given by 

(3) I = -{df, dNi)Ni + {df, dN2)N2. 

Let := {fzz,Ni), ^2 '■= —{fzz,N 2 )- Since / is conformal an easy calculation gives fzz = 
“^Uzfz + + ^ 2 ^ 2 - In particular the (2,0)-part of E is given by 

( 4 ) E{dz.dz)=^iN^+i2N2 

Set hi := {H,Ni) and /12 := —{H,N 2 ), then H = hiNi +/ 12 IV 2 . 

The structure equations of a conformal immersion / : E —>■ Sf are given by 

fzz = 2Uzfz + flNi + ^,2^2 

(5) /z-z = -e2“/ + e^“ff, 

dzNi = -hifz - e-2“a/z- + aN2, 
dzN2 = / 12 /z + e“^“^2/z + crlVi, 


and the compatibility among these equations is just Gauss’s, Codazzi’s and Ricci’s equation: 


( 6 ) 


2u,z = -e2“ + e-2“(|eip - I6P) - , 

e^"(i9zhi + ah2) = i9zCi + f,2(T, 
e^^{dzh2 + ahi) = dz^2 + fid, 

Im{az) = e~‘^^Im{fif2)- 

sf is called marginally trapped if its mean curvature vector is null or 
lightlike: {H,H) = 0. If iL 0, then after a change of orientation of the normal bundle (i.e. after 


Gauss, 
Codazzi, 

Ricci, 

A spacelike surface / : E —; 
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a change of sign Ni i—>■ —TVi) if necessary, the marginally trapped condition (JI, H) = = 0, 

reads hi = I 12 , with hi + h 2 ^ 0, in this case the mean curvature vector satisfies 

(7) H = h{Ni + N 2 ), with h = hi = /i 2 - 

We call h the the mean curvature function of / respect to the positively oriented lorentzian normal 

frame {-/Vi, N 2 }. From the second structure equation f^z = —e^“/ + e^“77, it follows that the mean 
curvature function h satisfies 

(8) h = e-^^{fzz,Ni) = -e-^^{fzz,N2). 

Hence / is marginally trapped iif {fzz, {^ 1 +^ 2 )) = 0. Introducing the function cr := —{dzNi,N 2 ), 
the structure equations of a marginally trapped immersion / are thus given by 

fzz = “^Uzfz + ^iNi + £,2^2, 

(9) f-zz = -e2“/ + 

dzNi = -hf, - e-^'^Uz + aN2, 
dzN2 = hfz + e-^^£2fz + nWi, 

where {-/Vi, A^ 2 } C r(p(/)) is a positively oriented orthonormal frame. The compatibility conditions 
or equations of Gauss, Codazzi and Ricci above reduce to: 


( 10 ) 


2uzz=-e^^ + e-^^(\£i\^-\£2n 
e“^"(62 + 60-) = {hz + cr/i), 
e“^“(62 + 6d-) = { h ^_+ ah ), 
Im{az) = e“2"Jm(^i^2)- 


The Gaussian curvature of the induced metric g is given hy K = —AgU = —2e '^'^Uzz, where 
Ag = 2e~'^'^dzdz, is the Laplace operator of the induced metric g. From Gauss equation m we 
obtain the expression of the Gaussian curvatnre of the induced metric on S, 

(11) iF = l-e-"“(|Cip-|6P), 

Let denote the covariant derivative on the normal bundle p(/), then oj := {'S/^N 2 , Ni) 
is the corresponding connection one form. Fixed an orientation on the normal bundle p(/) the 
normal curvature is defined by dut = K^dAg, where dAg is the area form of the induced metric g. 
Thus Lu = 2Re(adz), and so dw = —4:Im{az)dx A dy. From Ricci equation above it follows that 
Im{az) = e“^“Jm(^if 2 )- Thus since dAg = 2e^'^dxAdy, the normal curvature function is given by 


= -e-^^Im{az) = -e-"“Jm(Ci6). 


( 12 ) 

Then the normal bundle is flat if and only if K-^ = 0. 

On the other hand from Codazzi’s equation the covariant derivative of the mean curvature vector 
of a conformal immersion / : S —>■ Sf is given by 

(13) = {dzhi + ah2)Ni + {dzh2 + ahi)N2. 

In particular if / is marginally trapped then in a positively oriented orthonormal frame {Ni, N 2 } C 
r(p(/)) the above formula becomes 


(14) = e-^^ihz + ah){Ni+N2). 

Hence / has parallel mean curvature vector if and only if hz + ah = 0. 

3. SURFACE THEORY IN THE CONFORMAL SPHERE 

We give a brief account of Moebius surface geometry in such as exposed in m- For detailed 
proofs and further developements we refer the reader to m, m and |32) . 


The null or light cone in 
(15) 


ti is defined by 

£ = {0 ^ a: G Rf : (x, x) = 0}. 
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The future light cone C+ C C consists of future pointing vectors x & C. For every x G C R.'*, the 
point {x, 1) G Rf lies in the future light cone £+. We are using here the fact that any vector x in 
Rf may be uniquely written as an ordered pair {x',t) with x' G R"^ and t G M, thus giving rise to 
an isomorphism R"^ 0 R —>■ Rf. In particular points on £ are of the form (a;, ±||a;|p), with x G R^. 
The map 9 a; i—>■ [(a;, 1)] identifies the unit round sphere C R'*’ with the projectivization of the 
light cone, P(£) C RP^. Let 0+(4,1) be the group of orthogonal transformations of Rf preserving 
the time orientation. Then each F G 0+(4,1) maps null lines to null lines hence preserves the 
light cone £. Moreover it is easy to see that 0+(4,1) acts transitively on by g.[x\ = [gx\. Here 
0+(4,1) is referred to as the group of Moebius transformations of the conformal sphere S^. Note 
that the subgroup of 0(4,1) preserving P(£+), is precisely 0+(4,1). 

A smooth map into the conformal sphere i/; : S —>■ = P{£) can be viewed as a null line 

subbundle A of the trivial bundle S x Rf via '0(2^) = A^,, a; S S. A (local) lift of 0 is a smooth 
map X : U ^ £ from an open subset U C £, such that the null line spanned by ^(a;) is for 
every x G U. The map 0 is called a conformal immersion if every local lift A of 0 is conformal, 
i.e. {Xz,Xz) = 0, {Xz,Xf) > 0, for every coordinate 

Let V := span{X, dX, Xzzj, where A is a conformal lift of 0. It is easily seen that V is in fact 
independent on the election of a local coordinate z and any particular conformal lift of 0. So V 
is can be viewed as a vector sub-bundle F C Rf x S on which the ambient metric of Rf induces 
a vector bundle metric of signature (3,1). Each fiber 14 determines a Moebius invariant 2-sphere 
S^(x) = P{Vx n £) C P{£) = These spheres altogether comprise the so-called mean curvature 
sphere or central sphere congruence of the surface 0 El- 

Respect to a fixed a local coordinate z : {7 —>■ C there is a distinguished local lift A : {7 —>■ £+ of 
0 taking values in the future light cone such that 

0^2 1 = 2 ’ 

or equivalently |dAp = |dzp on U. It is called the canonical lift of the surface 0 and is Moebius 
invariant. 

The complementary orthogonal line sub-bundle is determined by E x R® = F 0 and the 
connection D on is just orthogonal projection of the usual derivative in Rf: 

Dxv = [dxv]^, V G r(F-^), A G TS. 

Let N G r(F) be the unique section satisfying 

(A, N) = (A, Yz) = (A, Y,) = 0, (F, A) = -1. 

Thus F = span{Y, RefYz), ImfYz), N} and it is shown in [TT] that the Moebius invariant frame 
{Y,Yz,Yz, N} C r(F 0 C) satisfies orthogonally relations given by 

(F,y) = (A,A) = o, (A,y) = -1, 

(16) (F, dY) = (A, dY) = {dN, A) = 0, 

{Yz, Yz) = {Y„ Y,) = 0, {Yz, F^) = i. 

A direct consequence of the above equations is that Yzz is orthogonal to F, Yz and Yz and so there 
is a unique election of a local complex function s on E for which Fzz + §Y is a section of the normal 
bundle F"*- 0 C namely, | = {Yzz, N). Thus we arrive at the fundamental equation of Moebius 
invariant surface geometry: 

(17) F,, + 

defining uniquely the complex valued function s and the section n of V'^ 0 C, respect to the local 
coordinate z. The function s is interpreted as the Schwartzian derivative of the conformal immer¬ 
sion 0 with respect to z, and k is identified with the normal valued Hopf differential of 0, respect 
to the coordinate z. By construction s and k are Moebius invariants of the immersion 0 with 
respect to a given coordinate z. 
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In m there is an interpretation of k in terms of euclidean invariants of the immersion ij) 
which we briefly describe: There is a unique conformal immersion '0 : S —>■ C satisfying 
[{^{x), 1)] = '0(x), Vx G E. Thus 0 = ('0(x), 1) is a lift of ip, which is called the euclidean lift of 
0 [H]- Let v{ip) denote the normal bundle of the immersed surface ip. Then there is a bundle 
isomorphism v{ip) = V'^ given by 

(18) {v,H){ip,l) + {v,Q). 

where H is the mean curvature vector of ip. Under this isomorphism k G r(U'’‘ 0 C) corresponds 
to a complex section k G y{ip) ® C satisfying k = (it, H){ip, 1) + (it, 0). Using (IT71) it is shown that 

\dz\ \d(p\ ’ 

where is the (2, 0)-part of the normal bundle valued (euclidean) second fundamental form of 

Ip. In this way k, up to the isomorphism (jl8|) . is the trace free part of the second fundamental form, 
i.e., the normal bundle valued Hopf differential of ip, scaled by the square root of the 0-induced 
metric. 


The following structural equations of a conformal immersion 0 : E —>■ were obtained in m 

from the above orthogonality conditions: 


(19) 


(i) Y,, = -^Y + k, 

[ii) Yzz = -{k, R)Y + \N, 

{Hi) Nz = -2 {k, k)Yz - sYg + 2DgK. 


The compatibility among these are the following equations. 


( 20 ) 


Conformal Gauss: ^ = 3 (kz, k) + {k, Kz), 

Conformal Codazzi: Im{nzz + f«) = 0. 


Also when the local coordinate changes from ztow the new invariants s' and n' change according 
to 

( 21 ) = 

where the usual Schwartzian derivative of a meromorphic function g : E —> C is given by Sz{g) = 
{^y — f(^)^- The importance of the conformal Gauss and Codazzi’s equations is reflected in the 
following fundamental theorem of conformal surface theory, 

Theorem 3.1. [TT] Let Y be a Riemann surface and ipj : Y ^ be conformal immersed 

surfaces inducing the same Hopf differentials and the same Schwartzians. Then there is a Moebius 
transformation T : —>■ with Tipi =02- 

Conversely, let k and s be given data on Y transforming according m, which also satisfy the 
conformal Gauss and Codazzi equations (1201). Then there exists a conformal immersion x : E —>■ 
with Hopf differential k and Schwartzian s. 

1—1 H 2 

Remark 3.1. It is proved in |11| that is a globally defined quadratic differential with values 
in LiSiC, where L is the real line bundle {Kof densities of conformal weight 1 over Y |12j . 
Then for any local coordinate system {U, z), k is can be viewed just as a local complex function on 
U G Y which transforms according m- 


Remark 3.2. If a conformal immersion ip : Y ^ has k = 0, then the image of ip is contained 
in a fixed 2-sphere C as follows from mi). Considering ip as a conformal map 0 : E —>■ 
= CP^, it is shown in ITT] that s = {^Y — \{^)'^ which is the usual Schwartzian derivative 
of Ip. In this case it is shown that proved that s uniquely determines ip up to transformations of 
PSl{2,C), the Moebius transformation group of CF^. 
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The map 7 : E 9 x i—>■ V{x) with values in the Grassmannian G 3 ,i(Mf) is called the conformal 
Gauss map of the immersion ip iH],[n],[n], [24] [32] . 7 induces a positive definite conformal metric 
on E given by g-y = j{d'y,d'y) = |Kp|(i 2 p [32]- The Willmore energy of the conformal immersion 
Tp is defined as the total area of (S, g^) and is given by 

( 22 ) W{'ip) = i- f iKpdzAdz, 

2 Js 

which coincides (up to a constant multiple) with the Willmore energy of the immersion ip jllj . A 
conformal immersion '0 : E —> is called a Willmore surface if it extremizes the Willmore energy 
functional (1^^ . It is known m that Ip is Willmore iif its conformal invariants k, and s (the Hopf 
differential and the Schwartzian derivative) satisfy the following stronger version of the conformal 
Codazzi’s equation: 

(23) Kzz + —K = 0. 

Spacelike surfaces in are related to surfaces in and through a double cover of the 
conformal Gauss map 7 , which is the Bryant’s Gauss conformal map Y: given an oriented surface 
i/) : E —>■ with mean curvature H, the conformal Gauss map assigns to a point x € Y the 
oriented sphere S{x) C of radius \H{x)\~^ in contact with the surface at tp{x). Thus Y^ takes 
values in the manifold of all oriented 2-spheres (and planes) in which is identified with De Sitter 
4-space m- B. Palmer [25] observed that when Y^ has non-zero mean curvature vector it is 
marginally trapped. This fact is also implicit in the work of Blaschke [7]. 

4. THE NULL GAUSS MAP AND ITS CONFORMAL INVARIANTS 

Let / : E —>■ Sf be a conformal (spacelike) immersion and fix an orientation on the normal 
bundle u(/). Let {A^i,iV 2 } C r(i/(/)) be a positively oriented lorentzian orthonormal frame. Then 
for each p G Y the frame {A^i, A 2 } determines the null line span{Ni{p) + N 2 {p)}. We claim that 
this null line depends only on p and not on {A^i, A 2 }. In fact, if {N[,N 2 } C r(i/(/)) is another 
positively oriented orthonormal frame then both frames are related by a gauge, 

N[ = cosh(s)A^i -I-sinh(s)Af 2 , 

N 2 = sinh(s)iVi -b cosh(s)iV 2 . 

from these equations it follows that iV( -|- = e'’(iVi + N 2 ), and so N[ + N 2 and A^i -|- N 2 generate 

the same null line. Let 

(24) G : E ^ S^ G{x) = [fVi(x) -b N 2 {x)], x G Y. 

i.e. G{x) is the null line generated by Ni{x) + N 2 {x), where {iVi,iV 2 } C r(i/(/)) is any positively 
oriented orthonormal frame. Thus G is well defined by our previous observation and we call it the 
null Gauss map of f. 

Denote by G the unique smooth map from E to the round euclidean sphere C K"' such that 
[(G(a;), 1)] = G{x) for every x G Y, then ip =: (G, 1) : E — 7 > £+ is called the euclidean lift of G. 
Thus (p =: (G, 1) takes values in the conic section S = {x G C : {x, 64 ) = —1} which inherits from 
the ambient a positive definite metric of constant curvature -bl, and so it is a copy of the round 
3-sphere of radius one. 

For any positively oriented orthonormal frame {Ny, N 2 } C r(u(/)), A = A^i -b A ^2 is a local lift 
of G with values in £+. Using the structure equations (O we see that 

(25) A, = Ai,, + N2,z = {h2 - hy)fz + e-2“(^2 - a)/z + aA. 

Hence (A, ff) = (A, ff) = 0. Moreover since (/z, /z) = (/z, fz) = 0, (fzjz) = e^“, then 

(26) (A„A,) = (Ai,,+A 2 ,z,Ai,, + A 2 ,z) = (/i 2 -/ii)( 6 - 6 ) 

Thus if / is marginally trapped (A^, A^) = 0. Let Z be another local lift of G, then A = XZ for 
some smooth non-zero function A. Respect to a local coordinate z we compute A^ = Az^ -b XZ^. 
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Since iZ^Z) = 0, then 0 = {Z,Zz), hence 0 = (Xz^Xz) = X'^{Zz,Zz), from which {Zz,Zz) = 0 
follows. On the other hand since Xg = XgZ + XZg, then from {Z, Zg) = 0, and (l 2 ^ we obtain 

(27) X^{Zz,Zz) = e-2“|a = {Xz,Xz). 

Hence away from the zeros of — ^2 it follows that {Xz,Xz) > 0 and {Zz,Zz) > 0. In particular 
if — ^2 is never zero on E then G : E —>■ is a conformal immersion. 

We call q := (^1 — ^ 2 )dz^ the Hopf quadratic differential of the marginally trapped surface / : E —>■ 
The quadratic Hopf differential was introduced in [1] for marginally trapped surfaces in Rf. 
We have proved the following Lemma: 

Lemma 4.1. Let / : E —>■ Sf fee a conformally immersed marginally trapped surface and q its 
quadratic Hopf differential. Then every (local) lift Z of the null Gauss map G satisfies {Zz, Zz) = 0 
and {Zz,Zz) > 0 away the zeros of q. In particular if q{x) 7 ^ 0,Va: £ E then G : E —>■ is a 
conformal immersion. 

Since (G, 1) is a lift of G, then away the zeros of q, G satisfies (Gz, Gf) = 0 and {Gz,Gz) > 0, 
where (.,.) is the round metric on the sphere Thus if q is never zero G is a conformal immersion 
into the round 3-sphere. 

Let / : E —>■ §1 be a spacelike immersion then from Ricci’s equation i/(/) is flat if and only if 
Im{az) = 0. In this case <Jz — oT = o'g — ^z = 0 which shows that the real one form 77 := adz + Wdz 
is closed. Hence there is a locally defined smooth real function /3 such that d/3 = 77. One can define 
a new positively oriented orthonormal lorentzian frame {NiiN^} by 

N[ = cosh(/3)W -I- sinh(/ 3 )A^ 2 , N 2 = sinh(/3)W -I- cosh(/ 3 )iV 2 . 

Then it is easy to check that the new frame has structure function a' = 0, so that 

is a V^-parallel frame which is unique up to (constant) hyperbolic rotations in u(/). 
We keep denoting by {iVi,iV 2 } this new positively oriented V^-parallel orthonormal frame. If / 
is marginally trapped then Codazzi’s equations (fTUl) reduce to 

(28) = ^ 2 .s = h = hi = /i 2 , 

which imply (^1 — ^ 2)2 = e^“(fe. — h)z = 0, hence q is holomorphic. Conversely, if q is holomorphic 
then again by Codazzi’s equation we obtain 0 = (^1 — ^ 2)2 = d(^i — ^ 2 )- If q does not vanish 
identically then a must be zero away the isolated zeros of q, thus cr = 0 by continuity. We have 
proved the following, 

Lemma 4.2. Let / : E —>■ Sf be a marginally trapped surface. If f has flat normal bundle the Hopf 
differential q = {f .2 ~ f.i)dz^ is holomorphic. Gonversely, if q is holomorpic and non-identically 
zero, then f has flat normal bundle. 

Remark 4.1. i) If a conformally immersed surface / : E —>■ Sf has zero mean curvature vector 
then its normal bundle is not necessarily flat. In this case the Hopf differential q is holomorphic 
as consequence of Codazzi’s equations m- 

a) If f : T, ^ Sf is marginally trapped with parallel mean curvature vector then v{f) is flat |18) 
and so q is holomorphic by Lemma \f.‘^ 

Hi) From © the -derivative of the mean curvature vector of a marginally trapped surface in a 
positively oriented normal frame is given by 

X^^H = {hz + ah){Ni + N 2 ). 

—^ 

Thus X^H = 0 implies i^lf) is flat [18) . hence h is constant in a positively oriented X^-parallel 
frame {Ni,N 2 } C r(n(f)). Conversely if n{f) is flat, then a = 0 for any X^-parallel orthonormal 
frame {A^i, A^2} C r(p(/)). 

Remark 4.2. If q = 0, then by (1271) -|- N 2 is a constant null line for every oriented lorentzian 

frame {Ni,N 2 }, hence the null Gauss map G is constant. Since (f,Ni -\- N 2 ) = 0, the surface f 
has constant curvature K = 1 by (ED and lies in the degenerated hypersurface Mq C Sf, which 
is the intersection of the degenerate A-plane [iVi -|- iV 2 ]‘’‘ in Rf with S|. For instance this is just 
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the case of any marginally trapped surface f : Ef ^ Sf with flat normal bundle. In fact since q is 
holomorphic on it must vanish. 

4.1. Spacelike isothermic surfaces. The normal valued quadratic Hopf differential of a spacelike 
immersion / : E —)■ Sf is the r{i/{f) 0 C)-valued two-form 

n = fiNidz^ + ^2N2dz\ 

defined in terms of an orthonormal frame {iVi,A^ 2 } C r(i/(/)), where ^ 1,^2 are the coefficients 
of F{dz,dz), the (2,0)-component of the second fundamental form of /. The spacelike surface 
/ : E —>■ §1 is called isothermic [26] if for each point x G T, there is a coordinate z for which the 
normal valued Hopf differential H is real-valued. Note that from Ricci’s equation ([ 6 ]) it follows that 
every isothermic spacelike immersion in Sf has flat normal bundle. 

4.2. Non-isotropic spacelike surfaces. A conformally (hence spacelike) immersed surface / : 

E —>■ Sf is called non-isotropic if the quartic complex differential Q = {fzz,fzz)dz^ is never zero 
on E. The quartic complex differential Q was introduced in [5] in the context of the conformal 
Gauss map. In terms of an orthonormal frame {iVi, 7 V 2 } C T{i'{f)), Q = thus if / is 

non-isotropic then the Hopf differential q = {^1 — fi)dz'^ is never zero and so the null Gauss map 
G : E —>■ is a conformal immersion. The notion of isotropy has an interpretation in terms of 
the curvature hyperbola which is the image of the unit circle on TpE under the second fundamental 
form of /: 

{Ip{X,X) : A G TpE, II Af = 1} C 

It is shown that / is non-isotropic if and only if the curvature hyperbola at each point of E is non- 
equilateral [18] . A conformal non-isotropic spacelike immersion / : E —> Sf with zero mean curva¬ 
ture vector is also called harmonic superconformal |22] . Hence non-isotropic marginally trapped 
surfaces can be viewed as natural generalizations of harmonic superconformal surfaces. 

4.3. Sphere congruences. Let / : E —>■ Sf be a non-isotropic marginally trapped surface with 
null Gauss map G and consider the central sphere congruence of the surface G : E —>• given by 
the subbundle V = span{X, dX, Xzzj C E x Rf, where A : E —>■ £+ is any local lift of G. Since 
§1 identifies with the manifold of oriented 2-spheres in the immersion / is associated to the 
2-sphere congruence E 9 a; 1 —>■ 5 '(x), where S(x) is the 2-sphere obtained by projectivization of the 
intersection of the Minkowski vector subspace f'^{x) C Rf with the null cone £: 

S{x) = p{f^{x)n£) CE^. 

Note that the antipodal surface (—/) determines the same sphere congruence x >->■ S{x). We say 
that S{x) is oriented if it is associated to /, and opposite oriented if it is associated to —/. We 
claim that /■*■ = V, i.e. both sphere congruences coincide. To prove the claim we use the local 
lift of G given by A := Ai -|- A 2 : 17 —>■ £+, where {Ai, A 2 } C r{v{f )) is a positively oriented 
orthonormal lorentzian frame. Thus V = span{X, Re{Xz), Im{Xz), Xzs}- In particular (A,/) = 0 
since Ai, A 2 are normal to /. On the other hand from (1251) . 

(29) Xz=e-^^{f2-fi)h + <jX. 

Hence {f,Xz) = {f,Xf) = 0, or {f,dX) = 0. Since every lift W of G is a multiple of A by some 
function, then W satisfies (/, W) = 0 and (/, dW) — 0. This just says that G is an envelope of the 
congruence determined by / Ell- 

On the other hand taking dz on ((^ and using again ([5|) yields 

A.2 = e-2“(C2 - Ci)(a^i + I 2 N 2 ) + ae-2“(^-2 - a)/, + (a* + la^A, 

from which {f,Xzz) = 0 follows and so H G Thus V = f^ since V has rank four. We have 
proved the following 

Proposition 4.1. Let / : E —>■ 6 e a non-isotropic conformal marginally trapped immersion with 
null Gauss map G : E —>■ §^. Then G is an envelope of the spherical congruence determined by 
f. Moreover, the central sphere congruence of the null Gauss map G coincides with the spherical 
congruence determined by ±/. 
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Recall from Section |3] that the correspondence 'yc ■ x defines the conformal Gauss map 

of the surface C? : E —?> Since V = /■*■, then jc takes values in G 3 p(Mf) the Grassmannian of all 

subspaces of Kf with signature (+ + H—). Since V and R-*- = M/ determine each other then either 
of them can be used to define the conformal Gauss map of G. Thus for each a; G E, 'ycix) = K/(a;) 
belongs to the manifold of all spacelike lines through the origin of Rf which identifies also with 
G 3 ,i(Ri)- Note that the projection Sf —>■ G 34 (]Rf) given by P : p i-A Rp is a lorentzian double 
cover. Intersecting the spacelike line jg(x) = ^f(x) with Sf we obtain {+f(x}, —f(x)} C which 
is just the fiber of P over G{x) G S^. Thus the surface / and its antipodal —/ have the same null 
Gauss map G. Thus the null Gauss map G can be considered as a pseudo-inverse of the conformal 
Gauss map yc- 


4.4. An equation relating k, s and 6. Let Y be the canonical lift of G respect to a local 
coordinate z. Then there is a non-zero function r such that X = tY. Using (|25)) . we compute 


(30) 


t,Y + tY, =X,= e-2“(e2 - fi)h + (tA. 


Hence {Xz,Xf) = ^ = T^{Yz,Yg) = e - Cif) so that 

( 31 ) r = V2e-^\f2-U 

Hence we obtain the canonical lift of G in terms of A = iVi -|- A 2 : 

e“ 


Y = 


-(Ai +A 2 ). 


\/2|^2 - Cl I 

A routine computation using the structure equations of / shows that Y is in fact independent on 
any particular choice of a positively oriented lorentzian frame {Ai, A 2 }. On the other hand 

TzzY + 2TzYz + tYzz = Xzz = 


(e-2“(C2 - Ci))z/z + e-2“(C2 - Ci)(-e2"/ ^ e2u^x)+ 

azX + (T{e"2“(^2 - Cl)/? + o’A}. 

Adding and substracting t^Y we obtain 

{tzz - rf )y + 2tzYz + t(Yzz + §r) = 


(32) 


(e-2“(C2 - Cl))?/? + e-2“(C2 - Ci)(-e2“/ + ^2u,^x)+ 
azX + cr{e“^“(C2 - Cl)/? + ciA}. 


Comparing the components in this identity we obtain the equality 


(33) 


(Cl - C 2 )/ = t{Yzz + -Y) = TK, 


Inserting the function r of (IHTl) we obtain a formula for the normal valued Hopf differential of G 
which makes sense only if the Hopf quadratic deifferential of / is non-zero: 

(Cl - C2)e" 


(34) 


K = 


V^ICl-C2| 


/• 


Using the polar form (Ci — C 2 ) = |Ci “ C 2 |e*^ the above expression becomes k = ^^ f and so by 
Remark l3.II we identify 

„u+i9 


(35) 


where ^M = e*®. 


V 2 ’ ICi - C 2 I 

In particular we recover the conformal parameter from n above: 

(36) e2“ = 2(K,7«). 

In m it is shown that any section u G r(U 0 C) can be decomposed as follows: 

(37) v = -{v, N)Y - {v, Y)N + 2{v, Yz)Yz + 2{v, Yz)Yz. 
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We use this formula to expand the particular section /z G r(V 0 C). Since tY = Ni-\- N 2 = X, ii 
follows {fz,Y) = 0. Also from 0 = {f,Yz)z = {fz,Yz) + {f,Yzz), equation and (/, F) = 0, 

we compute 

„u+i9 

ifz, Y,} = -if, Y,,) = -if,--Y + n) = -if, n) = 

On the other hand since 0 = (/, Fz)z = (/z, Y^) + (/, Fzz), then 

{fz,Y,) = -(f,Y,,) = \k\^{YJ) - i(A,/) = 0. 

Also {f,N) = 0, implies {fz,N) + {f,Nz:) = 0. Hence {fz,N) = -{f,N^) = -2{f,DgK). Since 
DzK = (m + i9)zK, then 

{f,,N) = -V2{u + ie)-,e^+^^. 

From these equations and using (1571) with v = fz, we obtain 

(38) fz = V2e^+^<^{{u + i9)zY-Yz}. 

Therefore, 

(39) fz-z = y2e“+*^{((u + t9)-zf + (u + i9)z, + |}F - V2e^+^^R. 

On the other hand using the structure equations of the immersion / and A = iVi + A ^2 = tY, 
we obtain 

(40) fz-z = -6^“/ + e'^^hX = -6^“/ + e'^^hrY. 

Note that \/2e“+*®«: = e^“/, so that equating (1551) and (1551) gives 

e^"/iT = \/2e“+*®{((u + i9)z)'^ + (u + i9)zz + ^}- 
Inserting the function r given by m in this expression we obtain the following formula: 

(41) ^l'C2“Ci|e = {{ui9)z)‘^{ui9)zz 
or conjugating both sides, 

(42) h{fi - ^ 2 ) = ((u - i9)zf + (u - i9)zz + |. 

Now recall the connection D on the normal bundle V^. Any section v G r(H-*-) can be written 
as V = bf for some smooth function b. Thus dx{bf) = dxbf + bdxf- Condition dfJ-f implies 
Dxf = 0, hence 

(43) Dx{v) = {dxb)f. 

Thus we may identify Dx{v) = dxb. Since k = ^ , we compute 

DzDzK = Kzz = ((u + i9)l + (u + i9)zz) k. 

On the other hand since /i(^i — ,^ 2 )'^ = “ ^i|j then /i(^i — ^ 2 )^^ is real valued and so equa¬ 

tion m becomes 

(44) Kzz + = Re (h{(i - ^ 2 ) ■ 

Equation (l44)) relates the quadratic differential h{fi — ^ 2 )dz^ of a marginally trapped surface 
/ : E —>■ and the conformal invariants k, s of its null Gauss map G. Since the quadratic 

differential 6 := h{fi — f 2 )dz^ plays a key role in (1551) . we call it the d-differential of the marginally 
trapped surface /. 

Remark 4.3. Equation (1441) implies the conformal Codazzi equation Im^ngg + f k) = 0. The con¬ 
formal Gauss equation o may be recovered from dUD by a long calculation using Gauss, Codazzi 
and Ricci’s equations m- 
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4.5. Congruence. A basic question is to what extent a marginally trapped surface is determined 
by the conformal invariants of its null Gauss map. We prove, 

Theorem 4.3. Let be non-isotropic marginally trapped surfaces with null Gauss 

maps G, G'. If n = k', s = s' then there is an isometry 4) o/Sf such that 4)/ = /'. As a consequence 
of this 6 = 6'. 

Proof. By Theorem l3. II there is a Moebius transformation T G 0+(4,1) of such that TG = G'. 
Recall that the Moebius group 0+(4,1) acts on by T{[x]) = [Tx], Wx G C. Let Y be the 
canonical lift of G respect to to a holomorphic coordinate z, then Y' = TY is the canonical lift 
of G' respect to z. Since V = span{Y, RefY^), Im{Yz),Yzz}, it follows that TV = V and so 
TV^ = V'^. This last equality implies Tf = ±/' where the sign ambiguity reflects the fact that 
the sphere congruences determined by / and /' are (modulo Moebius transformations) equal up 
to orientation. Defining $ = T, if T/ = /' and $ = —T, if T/ = —then d* is an isometry of S| 
satisfying $/ = f. In particular if T is the identity, then G = G' and so = R/ = R/', which 
implies /' = ±/. 

Let {Ni, N 2 } C r(p(/)) be a positively oriented orthonormal frame, then {<I>A^i, 4>A^2} C r(u(/')) 
is an orthonormal frame. We can choose an orientation on u(/') so that 417 V 2 } C r(i/(/')) is a 

positively oriented normal frame along /'. Since H = h{Ni-\-N 2 ) is the mean curvature vector of /, 

then = h{^Ni + <1>A^2) is the mean curvature vector of /'. Also since I{dz,dz) = + ^ 2 N 2 , 

then r{dz,dz) = and so 6' = h{^i - f, 2 )dz‘^ = 6. □ 

As a partial converse of the previous Theorem we obtain the following 

Lemma 4.4. Let /, /' : E —>■ Sf be non-isotropic marginally trapped surfaces which induce the 

same conformal metric. If either 

'i’) o,re both non-stationary and 6 = 6', or 

a) /, /' are both stationary with q = q', 

then there is an isometry $ of such that $ o / = /'. 

Proof: Assume first that /,/' are both non-stationary with 6 = 6' i.e. h(^i — ^ 2 )dz‘^ = h'{ff^ — 
£_' 2 )dz^, hence /i(^i — ^ 2 ) = — £^' 2 ). Since h,h' are real and non-zero, we may assume they 

are both positive (if say h < 0, we can replace / by its antipodal — / which has mean curvature 
function —h>0). Since by hypothesis the Hopf differentials q, q' are never zero, we use the polar 
form £1 — £2 = 1^1 — and £'i — £'2 = ICi ~ Hence the equality 6 = 6' implies 

h\£i-£2\e'^ = h'\£',-£'2\e'<^'. 

It follows that 9 — 9' = 2/c7r with integer k. Since by hypothesis / and f induce the same conformal 
metric, we have u = u' and so (1551) implies k = k'. On the other hand from 6 = 6' and (H51) it 
follows that s = s'. Thus G, G' have the same conformal invariants k and s, hence i) follows by 
applying the preceding Theorem. 

If now /, f are both stationary with q = q', then |^i — £ 2 \e'^ = i and so 9 — 9' is an 

integer multiple of 2?!. Thus since u = u' hy hypothesis, (1351) implies k = k!. Since /, f are both 
stationary, then 6 = 6' = 0. Thus from (1541) . we conclude that s = s', and so G, G' have the same 
conformal invariants. □ 

A conformal immersed surface -0 : E —>■ is called constrained Willmore if it extremizes the 
Willmore energy functional with respect to variations through conformal immersions m It has 
been proved in [B] that "0 is constrained Willmore if and only if its conformal invariants k, s satisfy 

(45) Kzz + 2 '^ = Re{fjK), 

for some holomorphic quadratic differential pdz-^ on E. Equations (l45l) and (l44l) are related. In fact, 
we have seen before that for an immersed non-isotropic marginally trapped surface / : E —>■ the 
quantity h{£i — £ 2 )k is real, so that we ask under what conditions is <5 = h{£i—£ 2 )dz‘^ holomorphic. 
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Lemma 4.5. Let / : E —>■ Sf be a non-isotropic conformally immersed marginally trapped surface 
with non-zero mean curvature vector. Then the following affirmations are equivalent: 
i) The quartic complex differential Q = {fzz,fzz)dz'^ is holomorphic, 
a) The quadratic complex differential S = /i(^i — f, 2 )dz‘^ is holomorphic, 

Hi) f has parallel mean curvature vector. 

Proof. Let {iVi,iV 2 } C r{iz{f)) be a positively oriented orthonormal frame, then the quartic 

differential becomes Q = {£,1 - ^ where = {fzz,Ni ),£2 = -{fzz, N 2 ) and H = h{Ni +fV 2 ). 

Since / is marginally trapped Codazzi’s equations (TTOl) reduce to 

e “^“(62 + ^£ 2 ) = e“^"(C 22 + d^i) = + crh. 

Using these quations we compute 

(?? - £l)z = 2£id,£i - 2£2d-,£2 = 

26 (e ^“(^2 + o-h) - £ 2 a) - 2 ^ 2 (e^“(/i 2 + ah) - £ia) = 

2 e 2 “(h^ + (t/i)(^i -,^ 2 )- 

Since / is non-isotropic q is never zero, so Q is holomorphic if and only if hz -b ah = 0, which is 
just the parallel mean curvature equation m- This proves i) iii). 

Again from Codazzi’s equation we get (^1 — ^ 2)2 = d(^i — ^ 2 ), which implies {h{£i — £ 2 ))^ = 

(hz -b ah){£i — £ 2 ). Hence {£i — £ 2 )^ = 2e^“(/i(^i — C 2 )) 2 , thus S is holomorphic if and only if Q is 

holomorphic, and so i) ii). □ 

Note for instance that there is no non-isotropic spacelike immersion / : —>■ Sf with parallel 
non-zero mean curvature vector. Isotropic marginally trapped surfaces in Rf, and Sf have been 
considered in m- 

As a first consequence of equation (1441) we deduce that a non-isotropic conformal marginally 
trapped immersion / : E —>■ S| has zero mean curvature vector if and only if its null Gauss map 

G : E —>■ is a Wilhnore surface. For, id = 0 if and only if i5 = 0 by ([7]) if and only if 

becomes Kzz + = 0 which is just the condition for G : E —>• being a Willmore surface. We 

obtain also the following result as consequence of (l4^ : 

Theorem 4.6. Let / : E —> Sf be a non-isotropic conformal marginally trapped immersion with 

null Gauss map G and mean curvature vector H 0. Then = 0 if and only if G : T, ^ 

is a constrained Willmore surface. 


Proof: The conformal invariants k, s and the ^-differential of / satisfy equation (1441) in which 
h{£i — £ 2 )k is real valued. If / has non-zero parallel mean curvature vector then d = h{£i — £ 2 )dz‘^ 
is holomorphic by Lemma [4.51 This precisely says that G : E —>■ Sf is constrained Willmore. 
Conversely if the null Gauss map G : E —>■ Sf of / is a constrained Willmore surface then 
Kzz + = Re{riK), for some holomorphic quadratic differential rjdz^. But k,s uniquely de¬ 

termine the (5-differential of / by Theorem l4.31 so that 6 = rjdz'^. Therefore 6 is holomorphic which 
implies that / has parallel mean curvature vector by Lemma 14.51 □ 


5. ONE-PARAMETER DEFORMATIONS AND ASSOCIATED FAMILIES 

In classical minimal surface theory an interesting problem is to determine whether a given 
minimal surface can be deformed in a nontrivial way. The oldest known example is the deformation 
of the catenoid into the helicoid [TU]. We consider here two different non-trivial one-parameter 
isometric deformations of marginally trapped surfaces in Sf. Throughout we only consider non¬ 
isotropic surfaces. 
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5.1. The S^-deformation family of marginally trapped surfaces with non-zero parallel 
mean curvature. In submanifold theory the harmonicity of the Gauss map characterizes sub¬ 
manifolds of spaceforms with parallel mean curvature vector. This is referred to as the Ruh-Vilms 
property after the well known paper |28] . We obtain here integrable one-parameter deformations 
of marginally trapped surfaces in Sf with non-zero parallel mean curvature determined by the 
spectral symmetry of the harmonic map equation of the 9-transform of such surfaces. 

Given a conformal immersion / : S —>■ Sf we consider the map 

where [fz] C Cf is the spacelike isotropic complex line generated by fz- Thus (j) is well defined since 
it it independent on the local coordinate z and is called the 9-transform of the surface / m- Since 
/ is spacelike [fz{x)] is a spacelike complex line hence it is a point in CP^, the open submanifold 
of CP^ consisting of all spacelike complex lines through the origin of Cf. Moreover since / is 
conformal (j) factors through the manifold of isotropic spacelike complex lines in CPf which is the 
complex quadric defined by 

(46) Q = {[z] G CP]^ Zq zI Z 2 — Z 4 = 0}. 

Note that since Q is a complex submanifold, it is totally geodesic in CP 4 . Denote by L —>■ CP 4 the 
tautological line bundle whose fiber over a point I G CP 4 is the line I itself and consider the complex 
line sub bundle £ := C S x Cf. Denote by £■*■ the complementary orthogonal line sub bundle 

so that E X Cf = £ (B £-‘-. Any section ^ of the trivial bundle E x Cf, decomposes uniquely as 
fJ: = fj .1 + /J -2 with fj,i G r(£) and /j ,2 G r(£-*-). The projection maps are defined by = fii and 
Tri±^ = ^ 2 - Since Q is totally geodesic in CP 4 , the map (j) is harmonic as a map into Q if and 
only if it is harmonic as a map into CP 4 . Consider on £ and £^ the Koszul-Malgrange complex 
structure m- a section s G r(^) (resp. s G r(€-*-)) is holomorphic if and only if ■7re{sz) = 0, (resp. 
T^i-^isz) = 0). It is known that (?!> : E —>■ CP^ is harmonic if and only if the map 

d4>{dz) :£^£^, d4>{dz)n = 

is holomorphic, i.e. it sends holomorphic sections of £, to holomorphic sections of I9],[T6!. Recall 
from the structure equations of a conformal immersion / : E —>■ §4 and the corresponding Gauss 

Codazzi and Ricci’s equations ®. The second structure equation fzz = —e^“/ -I- e^"i/ implies 
TTe{dzfz) = 0, which says that fz is a holomorphic section of £. In particular every holomorphic 
section of £ is of the form ffz, where ^ a complex holomorphic function. Thus (j) is harmonic if and 
only if /r := Trf± {fzz) is a holomorphic section of £■*■. From the second structure equation it follows 
that /r = -I- ^2^2 = ]£{dz,dz) G r(£-*-). From (O and Codazzi’s equations (O we compute 

Tri± (9j^) = TT^r {dzfiNi + dzi2N2 + fidzNi + ^2dzN2) = 

{dziiN, + dzi2N2 + fi{-hifz - e-^^^ifz + i2{h2fz + e-^%fz + dN,)) = 

e-2“((9,/ii + ah2)Ni + (9,h2 + ahi)N2) = 

Hence the section /i is holomorphic if and only if / has parallel mean curvature vector held and this 
in turn is equivalent to the harmonicity of (/). We summarize the above discussion in the following 
Lemma which is a manifestation of the characterization due to Ruh-Vilms of submanifods with 
parallel mean curvature vector in R" and S'” [28| : 

Lemma 5.1. Let f : T, ^ Sf be a conformally immersed surface. Then the Gauss transform 
(() : E —7> Q C CP^ of f is harmonic if and only if the surface f has parallel mean curvature vector. 


Remark 5.1. If f is a non-isotropic marginally trapped with non-zero parallel mean curvature 
vector then the codimension of f cannot be reduced. This is fails to be true if the mean curvature 
vector of f has non-zero squared norm |13j . 


The Lie group SO+(4,1) acts transitively by isometries on Q, where we consider a multiple 
of the Killing metric on Q. Fixing for instance the base point o := [ei — 162 ] G Q, then Q 
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is difFeomorphic to the symmetric quotient S'0+(4, where H is the stabilizer of the base 

point o € Q. Consider the involutive isomorphism t of 1) given by t{F) = EFE, where 

E := diag{l, —1, —1,1,1) G 1). Then the connected component Eix{T)o of the subgroup of 

fixed points of t coincides with H which is isomorphic to SO{2) x SO{3, 1). The (±l)-eigenspaces 
of c?Te are given respectively by 

C O a b 0 0 \ 

— a 0 0 c d \ 

-b 0 0 e fe : a, 6 , c, d, e,/c € Mj, 

0 —c —e 0 0 / 

0 d fc 0 0 / 

which satisfy C m, [(), ()] C [), [m, m] C t). 

We briefly review the loop group formulation of the harmonic map equation for maps into a sym¬ 
metric space. Let G be a connected semisimple (compact or non-compact) Lie group and assume 
that G is a matrix group. Let G/FI be an inner symmetric space with involution t : G ^ G satis¬ 
fying (Gt-)o ^ H F Gr: then G/H has a G-invariant non-degenerate symmetric bilinear form pO] . 
Let Q = Lie(G),[} = Lie{H) be the Lie algebras of G and H respectively. The involution t in¬ 
duces a decomposition g = () 0 m into eigenspaces of dxe such that [} = {X : dTf.{X) = —X} and 
m = {X : dTe{X) = X}. It follows that these eigenspaces satisfy [(), ()] C f), c m, [m, m] C 1). 

Let ijj : T, ^ G/H he a smooth map and F : U ^ G a frame of ip on U, where 17 C S is a simply 
connected open subset (if E is simply connected then there is always a global frame F : E —>■ G) 

. Let a := F~^dF be the Maurer-Cartan one form of F. Then a satishes the Maurer-Cartan 
equation da + ^ [a A a] = onn]. By decomposing a into its 1) and m parts one obtains 

a = af, + Om, cif, G r(f) 0 T*E), Om G r(m 0 T*E). 

Also according to the decomposition T'^'E = T'E © T"E, Om decomposes into its (1, 0) and (0,1) 
parts respectively: am = am + a", hence 

(48) a = am + a(,+am. 

It is shown (see [10]) that the harmonic map equation for ip in terms of a is given by the equation: 

(49) da'^ + [an A a[„] = 0. 

There is the following characterization of harmonicity of maps into a symmetric space. Consider 
the one parameter family of g-valued one forms 

(50) a^ := A ^am © cp) © Aam, A G 

Lemma 5.2. |10j "0 : E —>■ G/FI is harmonic if and only if 

(51) da\ F^[a\ A a\] = 0, VA G 


0 0 m n '' 

0 s 0 0 


\ —m 0 0 0 t 

\ n 0 0 t 0 / 


Let (/) : E —>■ Q be the Gauss transform of an immersed non-isotropic marginally trapped surface 
/ : E —>■ Sf with non-zero parallel mean curvature vector. A frame F = {Fq, Fi, F2, Ni, N2) G 
S'0+(4,1) (in column notation) is adapted to / or /-adapted if Fcq = f and Fi,F 2 span the 
tangent space of the immersed surface. Note that if F is /-adapted, then Ni , N2 are normal 
sections of i'{f ). 

The normal bundle i^(/) is flat since / has parallel mean curvature vector [18) . thus we can assume 
that the normal frame {A^i,A 2 } in F is positively oriented and V'*‘-parallel along /. Moreover 
since / is conformal we can rotate within the tangent plane span{Fi, F 2 }, if necessary, so that 
fz = ^{Fi — *© 2 )- Let F : E —S'0+(4,1) be an /-adapted frame, where S is the universal 
covering space of E. Then the structure equations ([9|) of the immersed surface / respect to a 
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coordinate z 

can be written as Fz 

= 

FA, 

where 






f 

0 

V2 

i— 

0 

o\ 




V2 

0 

iUz 

-oi 

02 

(52) 

A = 



-iuz 

0 

—ibi 

ib2 




0 

ai 

ibi 

0 

a 



[ 

0 

02 

ib2 

a 

0/ 


where the coefficients in this case are given by 


(53) 


ai 

02 


e^h—e 

e'^/i+e ^<^2 
\/2 ’ 


h 

b2 


— e^h—e 

vr 

— e^/i+e “^2 

^/2 


Defining B := A, then Fg = FB and the compatibility among ([9]) is just the integrability condition 
Fzz = Fzz which in terms of A, B is given by the matrix differential equation Ag — B^ = [A, B] 
encoding Gauss, Codazzi and Ricci’s equations ([6|). In terms of the Maurer-Cartan so(4, l)-valued 
one form a := F~^dF = Adz + Bdz the integrability condition F^z = Fzz is expressed by the 
Maurer-Cartan equation da+^[aAa\ = 0, which is just the integrability equation for the existence 
of an adapted frame solving the equation F~^dF = a. Since F is /-adapted then F is also a frame 
for the Gauss transform (j): 


e“ 

4> = [fz] = “ *^ 2 )] = [^’i - *^ 2 ] = [F.{ei - * 62 )] = F.[ei - 162 ] = F.o 


We now decompose A = A^ + A(j , and B = Bm + i?f,, where 


(54) 


/ 

0 

x/2 

i — 

*x/2 

0 

o\ 


V2 

0 

0 

-Ol 

02 


-i— 

V2 

0 

0 

—ibi 

f&2 


0 

Ol 

ibi 

0 

0 

1 

0 

02 

ib2 

0 

0/ 


(55) 




Then Am,Bm are m'^'-valued while At, and Bf, are (I'^'-valued. Also since dTe{[Am,Bm\) = 
[^mj , then , -fltn] is 1} valued, hlote that — A-\zidz^ — ^3^■,^dz and ottt — A.t,dz —t— d3t,dz 
and so the harmonic map equation (14911 for the Gauss transform (j) becomes 


dzAm F [B(), Am] — 0. 

Here the family of one forms a\ o is given by 

(56) ax = A“^Amd^ + {At,dz + Bt,dz) + XB^dz. 

According to Lemma 15.21 the Gauss transform (p is harmonic if and only if ax satisfies (ISTl) . 
Fixing a point xo S S and integrating for each A S 

(57) dF^ = F^ax, 

with initial condition F^{xo) = F{xo) G B, one obtains a solution : E —>• S'0+(4,1), (hence 
a local solution around any point of E) which is called an extended frame normalized at xq. It is 
possible to choose the constants of integration so that F^ depends smoothly on A G m- Since 
ax=i = a, the extended frame satisfies F^^^(x) = F(x),Vx G E. In column notation, 

F^ = {Fo\F,\Fi,N^,Ni). 

Since the orthonormal frame {Ni,N2} C r(p(/)) is positively oriented, an elementary argument 
shows that {N^, N 2 } is positively oriented VA G S^. 
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Now let := Fq = F^eo, i.e. the first column of the extended frame F^. Then is a one 
parameter deformation of / since at A = 1 we recover /: = F.eo = /. We call /^, A G 

the associated family of the marginally trapped surface /. Observe that 

(58) := F^eo = F^{X-^A^ + A^)eo = X-^^F\ei - ie2), 

hence F^ is adapted to /^. From (1581) we compute 

ifzJz) = -ze2),A-i;^(ei-iea)) =0. 

(/^ f^) = {F\X-^A^ + A„)eo, F^iXB^ + i?^)eo) = 

= - iea), A-^(ei + iea)) = 

Hence is a conformal spacelike immersion inducing the same conformal metric for any A G 
Let (f>^ := F^.o. Since = (j), (jA is a one parameter deformation of </>. The family of maps 

(jA is called the associated family of the harmonic Gauss transform (p [10]. Note that from (l58l) it 
follows that (j)^ is the Gauss transform of /^: 

=F\o= [F\e, - * 62 )] = [Xf^] = [f^]. 

Hence takes values in the complex quadric Q. Moreover since («>)(„ = , 

and (aA)[) = cut,, it follows that a\ satisfies equation (|4^ . thus each : S —>■ Q is harmonic hence 
each member has parallel mean curvature. 

We claim that is marginally trapped for any A G S^. Denote hy H\ the mean curvature 
vector of f^. Since is conformal and spacelike, it follows that 

(60) /4 = - 6 ^“/^ + 
hence from ([5]) we obtain 

(61) Hx = e- 2 “(/ 4 , N^)N^ - N^)NI 

On the other hand the structure equations of are expressed by the matrix equation F^ = 
F^{X~^Am + which is equivalent to the system 


( 62 ) 


from which it follows 


f A 1 rpX -1 rpX 

dzF,^ = -i4/^ - ^u,Fi' + 
d^F^ = 

= -\aiF^ - i\biF^ + 

= ya2F^ + i\b2F^ + crN^, 

{fX.Nt) = -{fXdzN^) = (ai - 6i):^ = 6^“/*, 
{fX.N^) = -ifXdzN,^) = ib2 - a2)^ = -e^^h. 


From we obtain H\ = h{Ni + fV^), which shows that /'*' is marginally trapped for every 
A G with = h. 


On the other hand since = {fX,Ni) and ^2 = then from (IS^ we obtain 

. , = {fX,Nt) = -(/.^ d,N,^) = A-2^(ai + 61) = A-^a, 

^ ’ C2" = -(/A, ^^2^) = ifX dzN^) = A-^§(a2 + 62) = A-^a. 

Hence the (2,0) part of the second fundamental form of f\ is given by, 

(64) J^(5„ d,) = A-^a^Vi^ + X-^f,2NX 

From the above expression we see that Q\ = X~‘^Q, where Q\ = {fX, fX)dz'^■ Hence f^ is 
non-isotropic for every A G S^. We collect these facts in the following. 
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Proposition 5.1. Let f : S Sf be a non-isotropic conformal marginally trapped immersion 
with non-zero parallel mean curvature vector and let its associated family obtained above which 
is defined on a simply connected open neighborhhod of each point ofT,. Then each member f^ is a 
conformal immersion inducing the same conformal metric for any A S . 

Moreover, f^ is a non-isotropic marginally trapped surface with non-zero parallel mean curvature 
vector. 


Since / : S —>■ S| has non-zero parallel mean curvature vector its normal bundle is flat thus by 
Lemma l4^ the Hopf quadratic differential q = (^i — ^ 2 )dz^ is holomorphic. Since / is non-isotropic 
q is never zero on S, thus for any point x € T, there is a local coordinate z such that q = cdz^, for 
a non-zero real constant c. By (1341) k is real in the same coordinate z and so the null Gauss map 
G : S —>■ of / is isothermic. 

The conformal invariants s\ and ^-differential of the associated family can be computed 
as follows. From (1631) and (IMl) we first obtain the Hopf differential of /^: 

(65) q\ = \~‘^cdz^ = \~^q. 

Since h\ = h, from the above expression we obtain 

( 66 ) = hq\ = \~‘^chdz^ = \~^S. 

In polar form the Hopf differential q\ is given by, q\ = = A“^|c|e*®(iz^. Thus 

gie(A) _ \- 2 gie gQ if A = then 

(67) 61(A) =9-2ip. 

Since A does not depend on z, neither does (p and so ^(A)^ = 9^, and 9{X)zz = dzz- Taking this 
into account and applying (1421) to the conformal invariants k\,s\ and the delta differential i5a of 
/^, we obtain, 

(68) chX~‘^ = {{u - i9)z)^ -\- (u - i9)zz + 

Combining the above equation with (1421) gives the Schwartzian derivative of Gy. 

(69) sa = s + 2(A“^ — l)ch. 

Also from pSI) k\ identifies with thus from (1571) we obtain 

u+i(9-2ip) 

(70) K\ = - -= - = X~^K. 

V 2 

A straightforward computation using (l 68 )) . (l69l) and (iTOl) shows that k\,sx,6\ obey the funda¬ 
mental equation (1441) namely, 

(«:a)z2 + y «:a = c/iA-^ka, VA G S\ 

in which chX~'^K\ = chn, hence it is real valued for every A G S^. In particular kx,s\ obey the 
conformal Codazzi equation: 

/m ^(ka) 2 z + yKA^ = 0, VA G 

Since / has parallel mean curvature vector, 6 is holomorphic hence from (l 68 )) . (l69)) . (iTOl) it easily 
follows that Kx,sx obey the conformal Gauss equation: 

= 3{k^)z.kx -\-KxiK\)z- 

Since A does not depend on z and S is holomorphic, then Sx = X~'^S is holomorphic for any A G S^. 


We have proved the following 
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Proposition 5.2. Let be the associated family of a non-isotropic marginally trapped surface 
/ : E —>■ §1 with non-zero parallel mean curvature vector. Then for any A G the conformal 
invariants and 6-differential of f^ are given by 

(71) K\ = sa = s + 2(A“^ — l)ch, 5\ = 

where q = cdz^ and S = chdz^. 

Moreover, the system consisting of (HU) and the conformal Gauss and Codazzi equations o is 
invariant under the spectral symmetry determined by m- 

Note that as consequence of (ED the members of the associated family are non-congruent, 
hence the deformation / i—!> /^ is non-trivial. It also follows that the isothermic condition is pre¬ 
served by the spectral symmetry ED): if K is real for some coordinate z then in the new coordinate 
ru = ka is real since K\dz^ = ndw'^. 


Remark 5.2. In [TT] the authors obtain the following slightly different symmetry for the conformal 
Gauss and Godazzi equations of a constrained Willmore surface ^ : E —)> S^; 

( 72 ) Kx = Xk, sx = s -\- (A^ - 1)77, 77a = X'^p, 

where rjdz^ is an holomorphic quadratic differential satisfying Kzz + f ^ = Re^fjK). 


5.2. The Calapso-Bianchi associated family of marginally trapped surfaces with flat 
normal bundle. We construct an integrable deformation of non-isotropic marginally trapped 
surfaces with flat normal bundle which is related to the so-called Calapso-Bianchi T-transform of 
isothermic surfaces in The class of marginally trapped surfaces with flat normal bundle in 

§1 includes those with non-zero parallel mean curvature vector and also the spacelike isothermic 
surfaces introduced by P. Wang in [30] . 

Recall that a conformally immersed surface t/j : E —>■ is isothermic if away from umbilics, it 
can be conformally parameterized by its curvature lines. In terms of its conformal invariants a 
surface if is isothermic if each point in E has a coordinate z for which n is real: k = k [ID, m- 
In this case the conformal Gauss and Codazzi’s equations (12011 away of umbilic points reduce to 

770') S2=4(k2)^, 

^ Im{Kzz + ^sk) = 0 . 

Thus away from umbilic points k is non-zero and so both equations combine into Calapso’s equation: 

-{- 8{K^)xy = 0 . The Calapso-Bianchi T-transform acts on an isothermic surface 7/7 : E — >■ 
by deforming the Schwartzian s and keeping k unchanged: 

(74) s^ = s -\-t, Kt = K, t gM., 

thus giving rise to the so-called associated family ED. 

Let / : E —>■ Sf be a non-isotropic marginally trapped surface with flat normal bundle. Then by 
Lemma 14.21 for every point a; S E there is a local coordinate z such that q = cdz'^ for a non-zero 
real constant c. Thus k is real in the same coordinate and so the null Gauss map G : E —of / 
is isothermic. Conversely, if G is isothermic, then k and so q is real in some coordinate z. Hence / 
has flat normal bundle if and only if q is constant i.e. q = cdz^ for some non-zero real constant c. 

The structure equations of / read (|9]) in which Ci = C + c, ^2 = C, c’' = 0, where the positively 
oriented orthonormal frame {Ni,N 2 } is V^-parallel. The compatibility equations (flUl) reduce in 
this case to 

2 w2z = -e^" -I- e“^"(2cRe(^) -I- c^), 

F- = 

0 = Im{d+c)0, 


( 75 ) 
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where 2^c + 0 since / is non-isotropic. If /i is a non-zero constant, then / has non-zero paral¬ 

lel mean curvature vector field and its null Gauss map G : E —>■ is isothermic and constrained 
Willmore. On the other hand if is a non-constant function satisfying (1751) . then / has flat normal 
bundle and non-parallel mean curvature vector field. 


Since our considerations are local we consider an /-adapted frame F = (Fg, Fi, F 2 , JVi, N 2 ) € 
S'0+(4,1) defined on the universal covering space E. Then the structure equations of / read 
Fj = FA, where the coefficients of the matrix A in (l5^ are given in this case by 


Oi = 


_ e ’‘(f+c)+e’‘h 


V2 


, bi = 


_ e “((+c)-e“h 




_V 2 

^ -e 


, cr = 0, 


We now introduce a one-parameter family of matrices given by 


/ 0 


(76) 


A* = 


with coefficients 

(77) 

where 


V2, 
—i “ 


0 

V 0 


V2 


0\ 

lUz —a\ a\ 

—iuz 0 —ib\ 162 


0 

V2 V2 
0 


ib\ 

ib\ 


0 

oy 


e so(4,1)"^, te 


t _ e “(C+c)-|-e“/t* ut _ e "(C+c)-e“Ii^ 
1 — - 7 ^ -■> Gt — - 7= - 


t _ e ;+e“It 
“2 “ 


V 2 

V 2 


V 2 

, t _ -e "g-e"!!" 

- V 2 


(78) 


ht:_h+-, ceK^ t€ 


Note that for t = 0 we recover A, i.e. = A. 


Lemma 5.3. Define a one parameter family of so{ 4 :,l) -valued one-forms by 

(79) at '■= A*dz + B*dz, t gR. 

Then at coincides with a for t = 0 and it satisfies the Maurer-Cartan equation 

(80) dat + ^[at A at] = 0, Vt G K, 
if and only if u, /, h satisfy m- 

Proof. Since = A* then at is so(4, l)-valued for every t G R. On the other hand dat + 
A Ot] = 0 is equivalent to {A*)z — {B*)z = [A^,B*] which in turn is equivalent to 

2 u 22 = -e^“ -I- e“^“(2cRe(/) -I- c^), 

6 = e2“(/i*),. 

0 = /to((/ -I- c)/). 

Since {h*)z = hz for any t G R, the above system is invariant under the symmetry (1781) and it is 
equivalent to (l75|) . □ 


Since we work locally, we may transfer the situation to the universal covering space E of E 
(note that the case E = is excluded, otherwise being q holomorphic it would vanish). Thus 
we can integrate the Maurer-Cartan equation (1501) on E for each t, obtaining a solution F* : E —>■ 
S'0+(4,1), which is unique up to left translation by a constant element in S'0+(4,1). Thus F* 
satisfies 

(81) (F‘)-idF* = at, F° = F, 

since ag = a. According to [TO], [19] it is possible to choose the constants of integration so that 
t !->■ F*(x) is C°° for every x G E. Denote by F* := (Fq , F‘, Fj, Af|) in column notation. Since 












20 


E. HULETT 


N 2 = N 2 is future pointing, then by continuity -/V| is future pointing for every t. Moreover, since 
{N^jN^} = {-/Vi, A^ 2 } is positively oriented, then an elementary continuity argument shows that 
{NIjN^} is positively oriented for every t gM.. 

Define /* := F*.eo, the first column of F*, then 

e“ 

(82) /‘ = F^eo = F‘A‘.(ei - 132 ) = - ^e 2 ), 

from which we compute 

iflfl) = ^(F‘(ei -ze 2 ),F‘(ei +* 62 )) = 6 ^“, 
iflJl) = - ze 2 ),F‘(ei - * 62 )) = 0 , 

hence /* is a conformal spacelike immersion which induces the same (conformal) metric for any t. 
Since = /, /* is a one parameter deformation of /. Also from (ISTI) and (I82|) we obtain 

e“ e“ 

fls = uzfl + -^F*F(ei - 162 ), /*2 = Uzfz + ■^F*A(ei - ze 2 ), 

which, from the structure of the matrices A*, become, 

(83) /‘_ = _e2-/‘ + e"“/z‘(7Vf + iV‘), = 2u,fl + {^ + c)Nl + 

Hence the mean curvature vector of /* is given hy Ht = h*'{Nl + N 2 ) and so f* is marginally 
trapped. Also from (IM)) we see that 

{fL fL) = (e + cf -e = 2?c + Vt G F, 

hence /* is non-isotropic. On the other hand F* is adapted to /* since Fj = F‘A*. From this 
equation we extract 

d,Nl = -a‘F* - ib\Fl d,Nl = a\Fl + ih\Fl 

which shows that /* has flat normal bundle for every t and that {A^‘, A^ 2 } is a parallel orthonormal 
frame with respect to the normal connection of 

Equation (1441) relating the conformal invariants and the S differential of / reads 

(84) Kzz + -^K = chK, c G , S = chdz^. 

The deformation family /* obtained above is locally defined on E and is related to (l7^ hence we 
call /!—>■/* the Calapso-Bianchi transformation of the marginally trapped surface /. 

Since {st)z = sg, then by Theorem l3.1l K. st determine a unique (up to Moebius transformations 
of the sphere) conformal immersed isothermic surface G* : S —?> S^. Since for t = 0 we recover s 
in dZl, G‘ is the associated family of G or the T-transform of the isothermic surface G : S — >■ §^. 
We claim that G‘ is the null Gauss map of /*. In fact, from (1551) it follows that q = cdz'^ is the 
Hopf differential of /*. Since /* induce the same conformal metric for all t, then 9 in formula (I55|) 
must be an integer multiple of 27r, and so k = -^ is the (common) normal Hopf differential of the 
null Gauss map of all /*. Inserting (1751) into (1551) yields, 

(85) Kzz + = c{h +-^) = ch^K, 5t=chfdz^, 

2 2 c 

where 5t = dFdz^ is just the delta differential of /*. Thus the above equation is the evolution 
of (1551) and so k, st are the conformal invariants of the null Gauss map of /*. Thus G* has conformal 
invariants k, St and so it coincides up to a Moebius transformation of with the null Gauss map 
of /* which is isothermic since n is real. 

The transformation /!—>■/* also preserves marginally trapped surfaces which are isothermic or 
have parallel second fundamental form. For instance if / is isothermic then for each a; G E there is 
a local coordinate z for which H = fiNidz'^ + f, 2 N 2 dz'^ is real valued, that is ^ 11^2 are real valued. 
Thus by Ricci’s equation / has flat normal bundle and so the Hopf differential q is holomorphic 
by Lemma l4.2l and so q = cdz^ for a non-zero real constant c, with ^ 1—^2 = c. Hence the function 
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^ in (175)1 satisfying = ^ + c, ^2 = ^ must be also real valued. Thus from (l77)) it follows that the 
normal vector Hopf differential 17* of /* is also real valued in the same coordinate z, which shows 
that /* is isothermic for any t £ R. 

On the other hand if / has non-zero parallel mean curvature vector then it has flat normal bundle 
by [18]. Thus there is a local positive V^-parallel orthonormal frame {A^i, IV 2 } C r(u(/)) such that 

0 = = hz{Ni + N 2 ), thus h is constant. Since ht is defined by ((751) it satishes (h*)^ = hz, 

then {h*)z = 0 for alH £ R which shows that /* has (non-zero) parallel mean curvature vector for 
any t £ R. We summarize our discussion in the following 

Theorem 5.4. Let / : S —> Sf be a non-isotropic conformal marginally trapped immersion with 
flat normal bundle. Let /* : S —>■ Sf &e the Calapso-Bianchi deformation family of f obtained 
by integration of ill). Then on S each /* is locally defined conformal non-isotropic marginally 
trapped immersion with flat normal bundle whose null Gauss map G* is isothermic for any t £ R. 
Moreover, the transformation f f* preserves isothermic surfaces and surfaces with non-zero 
parallel mean curvature vector. 

5.3. An extended deformation. Non-isotropic marginally trapped conformal immersed surfaces 
in Sf with non-zero parallel mean curvature vector have flat normal bundle [18j and have isother¬ 
mic and constrained Willmore null Gauss maps into by Theorem 14.61 In the previous section 
we considered two different one parameter deformations for such surfaces, namely /^,A £ and 
/*,t £ R. Motivated by m we show that it is possible to unify both deformations by defining an 
(extended) action of C — {0} on the set of non-isotropic marginally trapped surfaces with non-zero 
parallel mean curvature vector. 

Let / : S —> be a non-isotropic conformally immersed marginally trapped surface with 

non-zero parallel mean curvature vector and k, s be the conformal invariants of /, ^-differential 
6 = chdz^, with h = const 0 and quadratic Hopf differential q = cdz^, for real constant c ^ 0. 
We extend the symmetry (1711 for A £ C — {0} by defining 

(86) M = |ApA"^K, SA = s -f 2(A"^ - l)ch, Sx = X~^S. 

Thus for |A| = 1 above we recover (17111 . Moreover, since chn is real, a straightforward calculation 
shows that kx,sx,S\ above satisfy (HUl and the conformal Gauss and Codazzi’s equation (1701) for 
every A £ C — {0}. Thus k\, s\, Sx determine the extended associated familiy f^ which for |A| = 1 
restricts to the associated family obtained in the previous section. 

We describe the deformation (I 86 II of a non-isotropic marginally trapped torus in S| with non-zero 
parallel mean curvature. The image of the null Gauss map in this case is an isothermic constrained 
Willmore torus in and by a result of Richter m (see also m) it can be immersed as a surface 
of constant mean curvature in some riemannian space form. 

Let / : E —>■ §1 be a conformal non-isotropic marginally trapped immersion with non-zero parallel 
mean curvature then Q = {fzz, fzz)dz'^ is holomorphic and non-zero. Away from the isolated zeros 
of Q it is possible to choose a local coordinate z such that Q = dz'^, or {fzz,fzz) = 1- When 
E = is a 2-torus then Q has no zeros at all (otherwise Q would be identically zero). Thus 
Q = dz'^, where z is a global coordinate on the universal covering C of which determines a 
bi-holomorphism = C/T for some lattice Tq C C. We choose a positively oriented orthonormal 
lorentzian frame {iVi, iV 2 } C r(u(/)) such that 

fzz = ‘i.Uzfz + cosh(G)Ai -I- sinh(G)A 2 , 

where G = p-|- *0 is a complex function. The new positively oriented lorentzian frame {A(, A 2 } 
given by 

N[ = cosh(p)Ai -I-sinh(p)A 2 , 

N 2 = sinh(p)iVi -I- cosh(p)A 2 , 

has structure function cr' = 0 and so A^} is -parallel along /. Also since 

fzz = ‘i.Uzfz + cos( 0 )A( -H i sin( 0 )A 2 , 
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then Ricci’s equation now becomes 0 = cos(0) sin(0), of which 0 = 0 is a solution. For simplicity 
we drop the primes and keep denoting by {iVi,iV 2 } this new V^-parallel normal frame. The 
structure equations of / become 


(87) 


fzz — “^Uzfz + -^ 1 ; 

dzNi = -hfz - 

dzN 2 = hfz, 0 ^ h = const. 


with compatibility given by the Sinh-Gordon equation 2uzz = —of which u : C —>■ R 
is a doubly periodic solution with respect to the lattice Fq C C. Solutions to the Sinh-Gordon 
equation are obtained by applying the finite-gap integration method from theta functions defined 
on auxiliary hyperelliptic Riemann surfaces which arise from inverse scattering theory [^. 

Since the mean curvature vector is lightlike and non-zero the codimension of the surface / cannot 
be reduced. Moreover {Ni + N 2 )z = —s~'^^fz implies that / cannot lie in any singular hypersur¬ 
face of S|. From (l87ll the Hopf differential of / is given hy q = dz"^, hence 9 must be an integer 
multiple of 2tt in (1551) and so k = -^ which says that G : —?> is an isothermic and con¬ 

strained Willmore surface since /i is a non-zero constant. The fundamental equation (I44[) becomes 
Kzz + f K = hn, S = hdz'^. 


We see from (|86l) that ka = |ApA Also from ((36ll it follows that the /'''-induced metric 

has conformal parameter u for every A S C — {0}, thus all the surfaces in the extended family have 
the same induced metric. Using formula (1551) we obtain the Hopf quadratic differential of /^: 

( 88 ) q\ = X~^\X\^dz^. 

Thus since 6 \ = hxqx = A“^i5 = X~‘^hdz‘^, then the ^-differential of /''' is given by dx = 
A“^|Ap(]^)dz^. Thus the marginally trapped torus has mean curvature function hx = 
which is a non-zero constant since A does not depend on z. Hence has non-zero parallel mean 
curvature vector and so its null Gauss map G"'' is constrained Willmore. In the new (rotated) 
coordinate w := kx is real respect to w since Kxdz"^ = ndw^ and Sx = j^dw'^, hence G^ is 

isothermic for every A G C — {0}. 


Note that for t = 2h(j^ —1) we recover the Calapso-Bianchi transformation /* of the marginally 
trapped torus /. 

The structure equations of in the extended frame = (/''',//',/A, TV/, TV/), A G C — {0}, 
are thus given by 


(89) 


//, = 2w,// + A-2|A|2TV/, 
//, = -|A|VV^ + |A|4e2- 

h /•A 


dzN^ = - 


dzN^ = 


pq-/. - 1^1 


-4g-2« 


jAP 


(TV/ + TV/), 


A 
2 ’ 
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